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LET M AND M’ be compact Riemannian manifolds and suppose that the sectional curvature of M’ 
is negative. We show that for all K E R, there is only a finite number of non-constant harmonic 
mappings from M to M’ of dilatation bounded by K. When M and M’ are in addition almost 
Kaehlerian, this implies that the number of non-constant almost complex maps from M to M’ is 
finite. 
Definitions 
Let M, g and M’, g’ be compact connected C” Riemannian manifolds of dimensions n and n’ 
and f: M + M’ a C” mapping. 
Definition I [l]. f E C”(M, M’) is harmonic iff it is a critical point of the energy functional 
E(n = ; 1 Idfl% 
where df(m): T,,,M + Tt(,,M is the differential of f at m and a,, denotes the volume element 
associated to g. 
We shall use a definition of mapping of bounded dilatation which is slightly more general than 
the one introduced in [21. For each m in M, the pull-back f*g’ of the metric on T,(,,M’ is a 
symmetric semidefinite quadratic form on T,,,M. Let k s n, n’ be its rank. We can choose an 
orthonormal basis {e,, . . . , e,} of T,,,M such that f*g’ = 2 Aiwi@oi, where wi is the dual l-form of e, 
and A,>A~s.+.~A,>O. 
i=l 
Definition 2[2]. 1, = (Al/AZ)“’ is the (first) dilatation of f at m. 
1, is by definition greater or equal to 1. 
Definition 3. We say that the dilatation of f is bounded by K iff at each point of M we have 
l,cK or df=O. 
Remark 1. We admit in this definition that the rank varies from a point to another, and that it 
takes the value 0. But it can never take the value 1, since I, would then be infinite. 
Remark 2. If M and M’ are surfaces, a mapping of dilatation bounded by K is a 
K-quasiconformal mapping. 
Finiteness Theorem 
THEOREM I. Let M and M’ be compact Riemannian manifolds and suppose the sectional 
curvature of M’ strictly negative. Let K 3 I. Then there is only a finite number of non-constant 
harmonic mappings from M to M’ of dilatation bounded by K. 
Proof. By the assertion (I) of [3], there can be only one non-constant harmonic map of 
bounded dilatation in a homotopy class of maps from M to M’. This follows from the hypothesis 
on the curvature of M’ and the fact that the image of such a map cannot be a geodesic since its 
rank cannot be I. So we just have to prove that only a finite number of homotopy classes can 
contain a non-constant harmonic map of dilatation bounded by K. 
M and M’ being compact, we can find positive numbers A and B such that -A is a lower 
bound for the sectional curvature of M and -B an upper bound for that of M’. One can then 
check that the proof of theorem 4. I of [2] applies to the definition used here (definition 3) and that 
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the condition on the dilatation implies 
where N = min (n, n’). So the map f can at most multiply distances by C. The principle of the 
proof of this result goes back to [5, theorem 61, where it is applied to the case of quasiconformal 
maps between surfaces. We use it to study the homotopy classes in the following way. 
Since the sectional curvature of M’ is negative, the Cartan-Hadamard theorem asserts that 
the homotopy groups IL(M’) are trivial for i 2 2. By theorem 8.1.1 I of [8], this implies that the 
homotopy classes of maps f from M to M’ are parametrized by the conjugacy classes of the 
induced homomorphisms f* : II,(M) + II,( M’). 
Call U and U’ the universal coverings of M and M’ and choose a point P of CJ and a 
fundamental domain 9’ of 17’. Every map f: M + M’ can be lifted to a map ~: U + CJ’ such that 
ME 9’. An element y of II,(M) can be seen as an automorphism of the covering CJ and for 
each y the map f verifies the relation 7 0 y = f*(y) 0 { where f* is one of the conjugates off*, 
depending on the choice of 3’. 
Let S={p,= l,p,, . . .,p.} be a set of generators of II,(M) and put P, = p,(P), r = 0,. . ., s. 
The images of the P,‘s by a map f are contained in {a . f(P)Ia E II,(M 
The set S being finite, we can find a bounded connected domain D of U containing all P,‘s. 
Since the maps that we consider send P in 9’ and multiply the distances by at most a fixed 
constant C, the images of D by these maps are contained in a bounded set D’ of U’. Since D’ is 
bounded, the set 
T = &{a E II,(M’)la * f(P) E D’} 
is finite. 
The conjugacy classes of the associated homomorphisms f* are characterized by the 
restrictions f*js: S-t T. Since S and T are finite, the number of these classes is also finite, and so 
is the number of homotopy classes containing a non-constant harmonic map of dilatation 
bounded by K. 
Remark 3. In view of Satz 5.9 of 141, one might ask whether theorem I can be extended to the 
case where M’ is a product of manifolds of negative sectional curvature. We shall show by an 
example that it is not the case. 
Let N and N’ be compact Riemannian manifolds with N’ of negative sectional curvature and 
such that there is an infinity of homotopy classes of maps from N to N’. For instance, N and N’ 
could be Riemann surfaces with genus N 2 genus N’ Z= 2. (Indeed, a map between these surfaces 
can twist a handle of N around a handle of N’ an arbitrary number of times.) 
By [I], every homotopy class of maps from N to N’ contains a harmonic map and we can 
choose an infinite sequence Jr(‘) of distinct non-constant harmonic maps. (By theorem 1, the 
associated ratios h,“)/hZ(‘) form an unbounded set of numbers). The set of maps h”‘X Jr”‘: N X 
N + N’ x N’ is then an infinite set of distinct non-constant harmonic maps, and their dilatation is 
always 1 since the eigenvalues of (Jr”) x h”‘)*(g’ x g’) are (A,(‘), A,(“, . . ., At(‘), A:“). 
Almost complex maps 
PROPOSITION I. Let M, J, g and M’, J’, g’ be almost Hermitian manifolds and f an almost 
complex (or almost holomorphic) map from M to M’. For each m EM, there exists an 
orthononnal basis {e,} of T,,,M such that ezi = Jezi_1 and pg’ = 5 Aioi@oi, with Azi = Ali-, and 
Aa=Ar~h,=...z=A~-,=Ap>O. 
i=l 
Proof. Consider an orthonormal basis {e,} of T,,,M such that f*g’ = $ Aiwi@oi, with Ai 3 Ai+,. 
i=J 
Since f is almost complex and M’ almost Hermitian, we have for X, YE T,,,M: 
r’g’(JX, JY) = g'(df . IX, df . JY) 
= g’(J’df . X, J’df . Y) 
= g’(df . X, df . Y) 
= f*g’(X, Y). 
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So in particular, f*g’(.le,, Je,) = A,. Since /e, is normal to e ,, it is a combination of the e,‘s, i b 2. 
Since A, 2 A2 2. . 9 2 At, AZ must be equal to A,. 
If As # A*, then ez = Je, and we can consider the space generated by e,, . . ., e. and apply the 
same reasoning to prove that A3 = Ad. 
If AZ = AX =. . * = Apr then Je, is in the space generated by e2,. . ., e,. By a rotation of that 
space (which preserves the restriction of f*g’, equal to the restriction of Azg) we can replace ez by 
Je,. We then proceed as above to prove that A, = Ad. 
The proposition follows from a repetition of this argument. 
Let F denote the fundamental 2-form of the almost Hermitian manifold M. Recall[7; IV, 16, 
c] that M is called special if dF”““-’ = 0 and special of pure type if (dF),.z = 0. An almost 
Kaehlerian manifold is always special of pure type since its fundamental 2-form is closed. 
PROPOSITION 2. If M is a compact special almost Hermitian manifold and M’ a compact 
special almost Hermitian manifold of pure type and of negative sectional curvature, then there is 
only a finite number of non-constant almost complex maps from M to M’. 
Indeed, by prop. IV, 16, d of [7]. an almost complex map is harmonic and by prop. 1, its first 
dilatation is 1. 
Remark 4. As we have seen, a special case of proposition 2 is obtained by supposing M and 
M’ almost Kaehlerian and M’ of negative curvature. 
In the case of almost complex maps, we can consider a product of manifolds of negative 
curvature and obtain the following analogue of [4, Satz 5.9 (2)]. 
COROLLARY 1. Let M be a compact special almost Hermitian manifold and M’ a product of 
compact special almost Hermitian manifolds of pure type and of negative sectional curvature. 
Then there is only a finite number of almost complex maps from M to M’ whose projections on all 
factors are non-constant. 
Indeed, the maps followed by the projections satisfy the hypothesis of proposition 2. 
Numerous finiteness results for holomorphic maps can be found in [6, $81. 
I wish to express my thanks to James Eells for his help during this research. 
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